Laboratory experiments on decaying quasi-2D ͑two-dimensional͒ turbulence have been performed in stratified fluids in both square and circular containers. The turbulence was generated by towing an array of vertical cylinders through the container, which was filled with either a two-layer or a linearly stratified fluid. By varying the grid configuration a different amount of angular momentum could be added to the initial flow. The evolution of the flow was visualized by 2D particle tracking velocimetry. The observed decay scenario has been investigated with emphasis on the evolution of the kinetic energy and the enstrophy of the horizontal flow, vortex statistics and the angular momentum of the flow. In particular it is shown that the experiments in both the square and the circular container support the observations from numerical simulations of decaying 2D turbulence in bounded domains with no-slip walls. Two striking examples are the experimental observation of the spontaneous spin-up phenomenon ͑in the square-container experiments͒ and the confirmation that the angular momentum of the flow in the circular-container experiment is better conserved than the total kinetic energy of the flow. The role of the initial nonzero net angular momentum on the decay of quasi-2D turbulence is investigated for both geometries and indications for an acceleration of the self-organization process are presented.
I. INTRODUCTION
Recently, numerical computations of decaying 2D turbulence in a circular geometry with rigid boundaries by Li and Montgomery 1 have revealed some remarkable results. First, these computations showed that, compared to previous simulations on doubly periodic domains, 2 the presence of rigid ͑no-slip or stress-free͒ boundaries alters the decay scenario dramatically. This influence was also observed in a separate numerical study of decaying 2D turbulence on a square domain with rigid boundaries by Clercx et al. 3 Second, it was observed that, in the circular case with no-slip boundaries, the shape of the final structure depends on whether or not the initial state contained a net nonzero angular momentum. This computer solution of a fundamental fluid dynamics problem suggested-perhaps for the first time-an experiment, which then confirmed this new physical phenomenon. 4 In the present paper this approach is continued: An experimental study of decaying, quasi-2D turbulence in stratified fluids in square and circular containers is performed and the results are compared with the numerical simulations of decaying 2D turbulence in similar geometries ͑with no-slip boundaries͒.
In the past two or three decades, numerical and experimental studies on 2D turbulence revealed that the process of self-organization occurs by means of many complicated vortex interactions, such as the merging phenomenon described by Matthaeus and Montgomery, who reported for the first time on large-scale convection cells in a NavierStokes simulation with periodic boundary conditions, 5 by McWilliams 6, 7 and by Santangelo et al. 8 In most numerical studies it was assumed that the vortices are allowed to move freely on an infinite or periodic plane, and that they are not hampered by any physical boundary. On the other hand, laboratory experiments are generally performed in containers with finite dimensions, which are bounded by impermeable, solid walls. In this paper, it is described how the presence of such physical boundaries influences the self-organization process in ͑quasi-͒2D turbulent flows. What happens when the vortices collide with the wall? How does the geometry of the container influence the shapes of vortices that ''survive'' the self-organization? In particular, much attention is paid to the effects of viscous boundary layers necessary to satisfy the no-slip boundary conditions at the container wall. Previous numerical studies have shown that these boundary layers play an active role in the flow dynamics. 9, 10 From a few numerical studies we have seen that viscous boundary layers play an important role in the decay of 2D turbulence on a square domain with no-slip boundaries. [11] [12] [13] The time evolution of these flows differs essentially from the evolution of 2D turbulence with stress-free or doubly periodic boundary conditions. In this paper it will be shown that viscous boundary layers also dominate the flow evolution of laboratory experiments in stably stratified fluids. First, we describe a series of experiments performed in a square container. The results are compared with the numerical results obtained by Clercx et al. 11 Secondly, the results of experiments in a container with a circular wall are presented. The results of these experiments are compared with numerical simulations of decaying 2D turbulence on a circular domain with no-slip boundaries performed by Li and Montgomery   1 and Li, Montgomery, and Jones 14, 15 ͑henceforth referred to as LMJ͒. In all laboratory experiments, an initially smallscale turbulent flow is created by stirring the fluid with a grid of vertical rods. Similar experiments were performed earlier by Flór in circular, square and rectangular containers. 16 However, in these experiments the forcing was carried out by hand, and the initial condition of the flow was therefore not well-defined.
Much attention is paid to the time evolution of the net angular momentum of the flow. In the simulations performed by LMJ it was observed that, in the circular case with no-slip boundaries, the shape of the final structure depends on the amount of net angular momentum in the initial state. Computations with a significant amount of net angular momentum in the initial flow field revealed that the flow always evolves towards one large central vortex, whereas a rather unsteady ''dipolar,'' or even ''quadrupolar'' structure emerges in computations with a negligible amount of net angular momentum in the initial state. Furthermore, the angular momentum appeared to be a more slowly decaying quantity than the total kinetic energy. In square containers the net angular momentum behaves differently. It was shown recently with numerical experiments 3 that the sudden growth of this quantity reflects the spontaneous spin-up of a turbulent flow with an initially zero net angular momentum. This growth of the net angular momentum is accompanied by the formation of a rotating tripolar structure or a domain-filling monopolar vortex. After spontaneous spin-up has occurred, the net angular momentum decays slowly compared to the decay of kinetic energy. The presence of spontaneous spin-up of the flow in the square and circular container, respectively, will be discussed.
The laboratory experiments are focussed on three main issues: ͑i͒ What is the influence of the initial net angular momentum on the self-organization of the flow in square and in circular containers? ͑ii͒ Which differences are observed between experiments in a square container and those in a circular container, and is it possible to explain the observations? ͑iii͒ Do the qualitative evolution of the net angular momentum and the spatial structure of the quasi-stationary states observed in the experiments ͑in square as well as in circular containers͒ confirm the results of numerical simulations on decaying 2D turbulence with no-slip boundaries? These questions clearly indicate the somewhat different approach compared with the studies performed by Yap and van Atta 17 and by Fincham et al. 18 Yap and van Atta 17 focused on the velocity correlations, length scales, and velocity and vorticity spectra of stratified turbulence. Additionally, the presence of an inverse energy cascade and the energy dissipation of stratified turbulence is discussed in that paper. Fincham et al. 18 were concerned with the energy dissipation and the three-dimensional structure of stratified turbulence. Both studies did not take into account the role of the no-slip boundaries and the geometry of the container.
Many complicated processes play a role in stratified turbulence, such as the emergence of internal waves and the formation of layered vortex structures at different heights in the stratification, which are still poorly understood. [17] [18] [19] [20] [21] These experimental difficulties should be kept in mind while interpreting the observations in present investigation ͑for a discussion of these issues in relation with present experiments, see Maassen 22 ͒. The phenomena observed in purely 2D numerical simulations ͑e.g., the occurrence of spontaneous spin-up of the flow͒ can therefore only be investigated qualitatively in the laboratory experiments discussed below.
II. EXPERIMENTAL SET-UP
The laboratory experiments described in this paper were performed in perspex containers filled with a stably stratified fluid. Two different containers have been used: A square container with dimensions 100ϫ100ϫ30 cm 3 ͑lengthϫwidth ϫdepth͒ and a circular container with radius Rϭ46 cm and depth 30 cm. In the experiments the container-in-use was filled with either a two-layer stratification or a linear stratification. The two-layer stratification consists of a lower layer of salt water ͑with a density 2 , varying between 1.08 and 1.12 g cm Ϫ3 ͒ and a layer of fresh ͑tap͒ water on top ͑density 1 Ϸ1.00 g cm Ϫ3 ͒. Due to mixing introduced during the filling of the container and due to molecular diffusion of salt in water, an interfacial layer ͑with a depth of typically a few centimeters͒ is established at the interface between those layers. This interfacial layer thickens slowly, on a time scale of days. The average buoyancy frequency N in the interfacial layer is given by
with g the gravitational acceleration, h the thickness of the interfacial layer and 0 ϭ( 1 ϩ 2 )/2 the average density within this layer. In some other experiments a linear vertical density gradient was created by filling the container slowly from beneath using the so-called two-bucket method. 23 The buoyancy frequency is defined in a similar way as in ͑1͒ with 1 and 2 the density of the upper and lower layer, respectively, and h the total fluid depth.
In order to create an initially disordered flow, the stratified fluid was forced by towing a grid of vertical bars from one side of the container to the opposite side ͑similar experiments were performed, for instance, by Lin and Pao, 19 Yap and van Atta 17 and Fincham et al. 18 ͒. The experimental arrangement is schematically drawn in Fig. 1 . A perspex container filled with a stratified fluid ͑A͒ is placed on a table, in the center of a mechanical construction of aluminum tubes ͑B͒. The two longer sides of this frame are connected by a solid bar ͑C͒, which can move in one direction along the aluminum tubes. To produce a quasi-turbulent initial flow, a grid of thin parallel, vertical cylindrical rods ͑each with diameter dϭ3 mm͒ ͑D͒ is mounted on the horizontal bar ͑C͒ and towed from one side of the container to the opposite side. The bar and the grid are driven by an electric motor ͑E͒ mounted on one of the short ends of the frame. Speed and displacement of the grid are adjusted on a control panel ͑F͒. After the forcing has stopped, the grid is removed by vertically lifting it out of the fluid. In order to illuminate the flow at a certain height in the fluid, fluorescent strip lights ͑G͒ are mounted on the two longer sides of the mechanical construction. Furthermore, a CCD camera ͑PAL 25 frames s Ϫ1 , Cohu-4910͒ is mounted above the container and connected with a video tape recorder. With a personal computer and a framegrabber the images are digitized to an image resolution of 512ϫ512 pixels and 8 bit gray level resolution enabling quantitative flow analysis. An important parameter in the present experimental study is the net angular momentum of the initial flow, which can be controlled by a suitable arrangement of rods in the grid. In each experiment, the configuration of the grid is represented by a series of y-coordinates ͑defined in Fig. 2͒ corresponding to the positions of the rods. The grid configurations used in the present experiments performed in square and circular containers are listed in the Appendix. Using the drag force exerted by the fluid on each rod, the amount of net angular momentum L 0 generated in the fluid by a certain grid can be calculated in advance. The drag force exerted on a cylindrical rod with diameter d and length l moving with constant speed V through a quiescent ambient fluid with density can serve as a good estimate ͑assuming negligible contributions of nonuniformity of the background flow͒, and is given by
where the appropriate value for the drag coefficient C D is obtained from the experimental data collected by Blevins. 24 Since the rods move parallel and with constant speed, the angular momentum L rod induced by one rod ͑per unit length and per unit density͒, defined with respect to the center of the domain, is proportional to the torque T exerted by this force
where t is the time and the time duration of the forcing. The total displacement a is defined in Fig. 2 . Since the right-hand side of Eq. ͑3͒ is proportional to y, the net angular momentum L 0 induced on the fluid by the grid can be calculated by adding up the contributions of all rods. Note that, in this calculation, the contribution of a rod at position y exactly cancels the contribution of a rod at position Ϫy. Using a grid configuration that is symmetric with respect to the line y ϭ0, therefore, results in an initial flow with zero net angular momentum (L 0 ϭ0). In order to avoid such a symmetry, an initial flow with L 0 ϭ0 may be created by using a nonsymmetric grid, in which the rods are arranged such that the sum of their y-coordinates vanishes ͑see, for example, configurations S2 and C2 in the Appendix͒. Although the stratified fluid is forced over its whole depth, we will only consider the flow evolution at a certain level in the interface between the two layers of the stratification. Underneath and above this interface, the initial threedimensional ͑3D͒ motions induced by the grid show a rapid decay, whereas within the interfacial layer, the planar, quasi-2D flow decays very slowly. This quasi-2D flow is visualized by small polystyrene particles of density 1.04 g cm
Ϫ3
, a few millimeters in size. Since the density of these particles is smaller than the density of the lower ͑salty͒ fluid layer and higher then the upper ͑fresh͒ layer, all particles float at approximately the same level in the interfacial layer. The particles are illuminated from the side by fluorescent strip lights ͑see Fig. 1͒ . During the course of an experiment, the motion of the tracer particles is monitored by a CCD camera mounted at some distance above the container, and the images are stored on a video tape recorder. After the experiment, the Lagrangian trajectories of the tracer particles are determined using the software package DigImage, developed by Dalziel. 25 A similar approach is undertaken for experiments in linearly stratified fluids.
The particle tracking algorithm used by DigImage consists of three steps. First, a sequence of images at discrete time intervals is taken from the video tape with a frame grabber. Second, particle positions are determined in each image using certain prescribed criteria for size, shape, and brightness of the particles. Finally, the trajectories of the particles are determined by matching their positions at successive time steps. This latter procedure is based on a costfunction method. 25 Once the particle trajectories have been obtained, instantaneous velocity fields are calculated by taking local ͑time͒ derivatives of the trajectories. This procedure results in a set of nongridded velocity vector fields describing the flow evolution. In the present experiments, typically 1000-1500 velocity vectors were found at each time step. In order to compute related quantities such as the vorticity field and the stream function, the vector fields are interpolated to a regular grid of 40ϫ40 mesh points, using cubic splines as interpolation functions. Although in principle the vorticity field can be computed analytically from the spline coefficients, this method gives rise to many spurious errors in the vorticity contour plots, especially when the number of velocity vectors computed in the PTV procedure is large ͑Ͼ900͒. Therefore, we have chosen to fit the gridded vector fields, obtained in the experiments in the square container, with a doubly truncated series of Chebyshev polynomials. ͑Spline interpolation has been used for the experiments in the circular tank.͒ The fitting algorithm is a two-dimensional version of the algorithm proposed by Clenshaw. 26 It consists of an iterative procedure in which the order of the Chebyshev expansion is gradually increased in both directions. At each iteration step, a least square fit of the original vector field is computed. The iteration stops when the standard deviation of the difference between the original vector field and the fit reaches a minimum. Although the algorithm can be applied directly to the nongridded data obtained by PTV, we have found that more accurate results are obtained when the data are first interpolated to a regular grid.
III. THE SQUARE CONTAINER
First we describe a series of experiments that are performed in a square container ͑horizontal dimensions 100 ϫ100 cm 2 ͒. Three experiments were performed in a twolayer fluid, all others in a linear stratification. It appears that the type of stratification does not have a substantial influence on the decay properties of quasi-2D turbulence. The characteristic parameters of the experiments performed in a square container are listed in Table I .
Let us first briefly summarize the subsequent processes that take place in a decaying stably stratified turbulent flow, following the models of Riley et al. 20 and Lilly. 21 We assume that the vortices emerging in the wake behind the grid have a characteristic velocity in the order of the speed of the grid ͑which is typically Vϭ15 cm s Ϫ1 ͒ and a characteristic length scale comparable with the diameter d of the bars in the grid ͑typically 0.3 cm͒. In the linearly stratified fluid ͑or in the interfacial layer of the two-layer fluid͒, the initial Froude number of the fluid, defined as FrϭV/(N), is FrϷ25. This means that the buoyancy term in the Boussinesq equation can be neglected and the initial flow in the linear stratification can be considered as approximately 3D. However, as the kinetic energy associated with these 3D eddies is rapidly dissipated, the Froude number drops to values of order one within a few seconds ͑see, e.g., Riley et al. 20 and Riley and Lelong 27 ͒. In the first measured velocity field ͑usually 10 s after the forcing has stopped͒, the average horizontal velocity is approximately 1 cm s Ϫ1 and the horizontal length scale of the vortices is typically a few cm, yielding a Froude number FrϷ0.1. ͑It would be more useful to compute the Froude number based on the vertical velocity and the vertical length scale, but this information could not be obtained nor estimated from the experiments.͒ This low Froude number indicates that the effects of stratification dominate the flow evolution. In this regime, the turbulent flow collapses towards a quasi-2D flow, in which velocities in the vertical direction are negligible compared with the typical velocities in the horizontal plane. 20, 27 This quasi-2D flow is characterized by the formation of pancake-like vortices, which show a slow decay. Simultaneously, part of the kinetic energy of the initial 3D motions is converted into potential energy, thus leading to the generation of internal waves. Although the interaction between internal waves and quasi-2D flow is not completely understood, 27 we assume that these interactions are negligible for the present analysis, which from now on only considers the quasi-2D vortex flow.
In order to facilitate a comparison of our experiments with the numerical simulations presented in Ref. 11 , the Reynolds number of the flow is defined as Re*ϭWU/, with W the half width of the container, U the root-mean-squared velocity of the initial flow field, and the kinematic viscosity of water. ͓Strictly speaking, the kinematic viscosity of the fluid depends on the salinity of the fluid. However, for the salt concentrations that are used in the present experiments, varies only a few percent. Therefore, we assume that ϭ10 Ϫ2 cm 2 s Ϫ1 ͑the kinematic viscosity of water at 20°C͒ in all experiments.͔ Throughout this section, all variables are made dimensionless by using the length scale W and the eddy-turnover time W/U. The value for U is obtained from the first measured velocity field, which usually corresponds to the flow field at 10 seconds after the forcing has stopped. Due to inaccuracies of the particle tracking system and the applied interpolation method, the computed value of U contains an error of approximately 10%. Furthermore, at this early stage of the evolution, the flow may still be affected by 3D turbulent motions. Altogether, the error in the estimated value of Re* is of the order of 15%. In the present experiments, 2000ՇRe*Շ5000. However, in a stably stratified fluid the dissipation of kinetic energy is dominated by vertical shearing 17, 18 and the effective Reynolds number related to the measured quasi-2D flow is therefore much smaller than Re*. The Reynolds number based on the typical towing speed of the grid (VӍ15 cm s Ϫ1 ) and the average spacing of the grid rods (M Ӎ4 cm) yields: ReϭVM/Ӎ6000. The Reynolds number in the experiments by Yap and van Atta 17 and by Fincham et al., 18 defined as ReϭVM/v, are ReӍ5000 and 700ՇReՇ12000, respectively.
The total kinetic energy E is defined as
with u and v the x and y components, respectively, of the measured horizontal velocity field. The angular momentum of the flow, defined with respect to the center of the container, is
with the stream function defined as: uϭ‫ץ/ץ‬y and vϭϪ‫ץ/ץ‬x. On a bounded domain with stationary no-slip walls ͑thus with zero circulation of the flow in the domain D͒ the time rate of change of L can be expressed as
where n is the unit vector normal to the boundary and ds denotes the length of an infinitesimal element ds of the boundary ‫ץ‬D.
A. Spatial flow evolution
The streak images displayed in Fig. 3 indicate the global evolution of an experiment with initially zero net angular momentum in a linear stratification with buoyancy frequency NϷ1.6 rad s Ϫ1 and Re*ϭ5000. In this experiment we moved the grid from right to left. As a first observation, note that one vortex dominates the final flow structure in this experiment. Figure 3͑a͒ was taken a few seconds after the grid had been removed from the container. The horizontal jets in this photograph are due to a nonuniform distribution of rods in the grid ͑see the Appendix͒. The rods were arranged in five groups, each consisting of five rods with mutual distances of 2 cm, and two adjacent groups of rods were separated by a ''gap'' of about 10 cm ͑grid S1͒. When the grid is towed through the fluid, these gaps result in the backward jets visible in Fig. 3͑a͒ . Note that in the square geometry the rods of the grid move parallel to the walls of the container, and the forcing covers the whole area of the fluid. Figure 4 displays the decay of the total kinetic energy and the total enstrophy of the experiment shown in Fig. 3 , normalized by their initial values. Comparing these curves with the decay of kinetic energy observed in numerical simulations with approximately the same value of the Reynolds number, it can be concluded that the quasi-2D experimental flow decays much faster than the purely 2D simulated flow. The enhanced energy dissipation in the experiments is mainly due to vertical shearing between different layers in the stratification. 17, 18 The decay rates of kinetic energy obtained from laboratory experiments with Re*Ϸ5000 are of the same order as those computed in numerical simulations with ReϷ1500-2000. 11 Based on this observation we estimate that, for the present experiments, the decay times of an Fig. 5͑a͒ the small vortices induced by the forcing mechanism are clearly ordered in ''streets'' of vortices of the same sign. Most likely, these vortices are the result of a shear instability in the backwards moving jets, which occur in the gaps of the moving grid. Note that this initial condition is different from the well-known Von Kármán vortex street emerging by shedding of vortices behind a moving cylinder. The vortices that are shed from the cylindrical rods have a size comparable with the diameter of the grid ͑3 mmӍ0.015 W͒, and are not visible in the displayed pictures. In Figs. 5͑b͒ and 6͑a͒ the ordered structure has disappeared, and the vortices move freely through the domain. Some vortices form dipolar structures, whereas others are torn apart by neighboring vortices. Two opposite-signed vortices in the upper and lower right corners of the domain are considerably stronger than the other vortices ͓Figs. 5͑b͒ and 5͑c͔͒. These vortices form a dipole which moves from right to left in Figs. 5͑d͒ and 5͑e͒. However, negative vorticity created near the lower boundary gradually rolls up into a new vortex, and a tripolar structure is formed at tϷ30 ͓Figs. 5͑e͒ and 6͑c͔͒. This tripolar structure rotates about 45 degrees between tϷ30 and t Ϸ50. For tտ50 the flow is dominated by viscous decay. The formation of a rotating tripolar structure from an initially disordered flow with zero net angular momentum indicates that the flow has acquired a net amount of angular momentum during its decay. This spontaneous spin-up phenomenon has recently been predicted numerically ͑for Reр2000, see Ref. 3 , and for 5000рReр20 000, see Ref.
28͒. Spontaneous spin-up of the flow is demonstrated in Fig.  7͑a͒ , which displays the time evolution of the dimensionless net angular momentum for the experiment shown in Figs. 5 and 6. The large fluctuations during the first few eddy turnover times are partly due to experimental errors, partly due to the emergence of internal waves, and partly due to the creation and detachment of viscous boundary layers ͓see also Fig. 7͑b͒ where the large fluctuations for tՇ20 are predominantly due to boundary layer detachment͔. After about 25 eddy turnover times the angular momentum starts suddenly to increase up to Lϭ0.08 at tϷ30. ͓The net angular momentum of the same amount of fluid with the same energy E(t ϭ30)ϭ0.02 is L sb ϭ0.33.͔ This event coincides with the formation of the tripolar structure in Figs. 5͑e͒ and 6͑c͒ .
In order to discriminate between the coherent vortex cores and the cascading turbulent background, McWilliams used the Weiss function Q, defined as 29 
QϭS
with the vorticity and S a measure of the rate of strain in a particular area of the flow: S 2 ϭϪdet(ٌvϩٌv T ). Regions with QϽ0 are rotation-dominated (ϾS) and have an elliptic or neutral character: Two fluid particles initially near each other in an elliptic region will stay close together. In regions where QϾ0 the flow is strain-dominated (ϽS) and has a hyperbolic or turbulent character: The distance between two fluid particles in these regions increases exponentially in time. Vortex cores are found in regions with QϽ0, that are surrounded by rings with QϾ0. In these latter areas, gradients of vorticity tend to grow and form long thin filaments of vorticity. Therefore, the turbulent enstrophy cascade is most active in regions with maximum Q ͑in the vicinity of vortices͒ and is excluded from the vortex cores ͑in which QϽ0͒.
In Fig. 8 
B. Ensemble averaging and vortex statistics
Several experiments with L 0 Ϸ0 have been carried out with different values of Re* ͑see in two-layer fluids showed that a stronger stratification enhances dissipation due to vertical shearing, but it also suppresses vertical motions, thus enhancing the twodimensionality of the flow at the interface. In addition, Fincham et al. 18 directly measured the various terms that contribute to the total energy dissipation rate Ė ϵdE/dt in a linear stratification. These authors showed that Ė Ϸ⑀ z ϩ⑀ 2D , with ⑀ z the dissipation due to vertical shearing of the horizontal velocity, defined by
and ⑀ 2D the dissipation due to horizontal strain, defined by
Re .
͑9͒
͑Note that Fincham et al. 18 use a different notation.͒ They concluded that approximately 80% of the total dissipation is due to vertical shearing (⑀ z ), whereas ⑀ 2D ϭϪ2⍀/Re accounts for less than 20% of the total energy dissipation. Figure 9 shows the average decay of the normalized kinetic energy E/E 0 ͓Fig. 9͑a͔͒ and the normalized enstrophy
⍀/⍀ 0 ͓Fig. 9͑b͔͒ of three experiments performed in a stratification with buoyancy frequency NϷ2.7 rad s Ϫ1 ͑dots͒ and one experiment with NϷ1.6 rad s Ϫ1 ͑squares͒, both with Re*ϭ5000. ͑The experiments with NϷ2.7 rad s Ϫ1 concerned two-layer stratified fluids and the experiment with N Ϸ1.6 rad s Ϫ1 a linearly stratified fluid. The type of stratification does not have a substantial influence on the decay properties of quasi-2D turbulence.͒ The experimental data for the normalized energy and enstrophy were fitted with power laws Eϰt ␣ and ⍀ϰt ␤ , respectively. As a result, we found ␣ϭϪ1.4Ϯ0.2 and ␤ϭϪ1.7Ϯ0.2 for the experiments in a strong stratification (NϷ2.7 rad s Ϫ1 ), and ␣ϭϪ1.0Ϯ0.1 and ␤ϭϪ1.5Ϯ0.2 for the experiment in a weaker stratification (NϷ1.6 rad s Ϫ1 ). Dissipation of kinetic energy is obviously more effective in experiments with a stronger stratification, as was also found by Yap and van Atta, 17 whereas the dissipation rates of enstrophy are almost the same in the two cases.
In Fig. 10 we have plotted the time derivative of the normalized kinetic energy, together with the normalized dissipation rate due to horizontal strain, defined as ⑀ 2D /E 0 ϭϪ2⍀/(Re*E 0 ), for the ensemble averages obtained from three experiments in a strong stratification ͓Nϭ2.7 rad s Ϫ1 , Fig. 10͑a͔͒ and one experiment in a weak stratification ͑N ϭ1.6 rad s Ϫ1 , Fig. 10͑b͔͒ . The lines for Ė /E 0 are estimated from the data for the normalized kinetic energy plotted in Fig. 9͑a͒ . For Nϭ1.6 rad s Ϫ1 and Nϭ2.7 rad s Ϫ1 we obtain Ė /E 0 ϰt Ϫ2.0 and Ė /E 0 ϰt Ϫ2. 4 , respectively. The normalized values of Ė and ⑀ 2D plotted in Fig. 10 are of the same order as the values of these quantities obtained by Fincham et al. 18 Following these authors, we conclude that the energy dissipation in the present experiments is indeed dominated by vertical shear.
Considering all experiments with L 0 Ϸ0 in a square container, spontaneous spin-up of the flow was observed in all   FIG. 9 . Log-log plots of ͑a͒ the normalized kinetic energy and ͑b͒ the normalized enstrophy, both versus dimensionless time ͑square container, L 0 Ϸ0͒. The open symbols represent ensemble averages obtained from three experiments in a strong stratification (Nϭ2.7 rad s Ϫ1 ); the filled symbols correspond to an experiment in a weak stratification (Nϭ1.6 rad s Ϫ1 ).
FIG. 10. Normalized total energy decay rate Ė /E 0 ͑continuous lines͒ and normalized dissipation due to horizontal shear ⑀ 2D /E 0 ϭϪ2⍀/(Re*E 0 ) ͑dots͒ both plotted versus time for ͑a͒ the ensemble averages obtained from three experiments in a strong stratification (Nϭ2.7 rad s Ϫ1 ) and ͑b͒ one experiment in a weak stratification (Nϭ1.6 rad s Ϫ1 ). The lines for Ė /E 0 are estimated from the data plotted in Fig. 9͑a͒ ͑square container, L 0 Ϸ0͒.
experiments with a weak stratification (NϷ1.6 rad s Ϫ1 ), and only in one experiment with a stronger stratification (N Ϸ2.7 rad s Ϫ1 ). Our interpretation is that in experiments with NϷ2.7 rad s Ϫ1 the effective Reynolds number decreases so rapidly due to vertical shear, that nonlinear processes such as spontaneous spin-up are suppressed by viscous dissipation. The absolute value of the normalized net angular momentum ͉L/L sb (t)͉ is plotted in Fig. 11 of several experiments with L 0 Ϸ0 ͑dashed and dashed-dotted lines͒, where L sb is the angular momentum of the same amount of fluid with total kinetic energy E(t) in solid-body rotation. The dasheddotted line corresponds to an experiment with N Ϸ2.7 rad s Ϫ1 , the dashed lines represent experiments with NϷ1.6 rad s Ϫ1 . ͑The solid lines correspond to experiments with L 0 0 which are discussed in Sec. III C.͒ Although the maximum absolute value of the net angular momentum is generally lower than the spin-up amplitude observed in numerical simulations ͑see Ref. 11, Fig. 8͒ , a moderate increase of angular momentum is observed in all experiments in a square container with L 0 Ϸ0.
One would expect that, after performing a large number of experiments, both positive and negative monopoles emerge from statistically equivalent initial conditions. However, we have found that repeating a certain experiment two or three times ͑using the same grid configuration͒ always resulted in a vortex of the same sign, even for different values of Re*. This ''bias'' in the experiments is most likely introduced just after the forcing, when the grid is lifted out of the fluid by hand. On the other hand, the number of experiments is too low to draw any significant statistical conclusions. It is important to stress that such a bias is not present in the numerical simulations presented in Refs. 3 and 28; approximately half of the runs showing spontaneous spin-up evolves towards a positive monopole and in the other half of the runs a negative monopole is formed.
In order to make a more quantitative comparison between experiments and simulations, one would like to calculate ensemble averages of quantities such as the ratio ⍀(t)/E(t), representing an inverse average size of the vortices (Ӎ2WͱE/⍀), and the average number of vortices V(t), as was done for numerical simulations by Clercx et al. 11, 13 However, in most experiments either Re* or N was varied, and thus no relevant averages could be calculated. Only one small ensemble of three experiments was available for this purpose, in which NϷ2.7 rad s Ϫ1 and Re*Ϸ5000. Figure 12 displays the ensemble averages of ⍀(t)/E(t) ͓Fig. 12͑a͔͒ and V(t) ͓Fig. 12͑b͔͒ as a function of time for these three experiments. Both curves show a power law behavior for several decades, with ⍀/Eϰt Ϫ0.5Ϯ0.1 and Vϰt no-slip boundary conditions, using an initial condition which is close to the experimental situation studied by Hansen et al. 30 Different Reynolds numbers have been considered: Reϭ1000, 2000, 5000, 10 000, and 20 000. The runs with Reр2000 revealed similar scaling behavior as in the experiments by Hansen et al.: 30 ⍀/Eϰt Ϫ0.5 and Vϰt Ϫ0.7 . Note that also in our experiments the Reynolds numbers is in the range 500-2000. The simulations with Reу5000 indicated a substantial deviation of the scaling exponents from the experimentally observed values. Only the late-time decay stage, when the kinetic energy of the flow has decreased substantially, it appears that ⍀/Eϰt Ϫ0.5 and Vϰt Ϫ0.7 .
C. Experiments with initially nonzero angular momentum
Although the spontaneous spin-up observed in experiments with L 0 Ϸ0 is less pronounced than in numerical simulations with no-slip boundaries, the net angular momentum decreases slowly after the ͑weak͒ spin-up has occurred. The question arises how the flow evolves when a net amount of angular momentum is already present in the initial flow. This issue is investigated in six experiments ͑with buoyancy frequency NϷ1.6 rad s Ϫ1 ͒ in which the rods of the grid were arranged in such a way that the initial forcing induced a net angular momentum to the flow ͑see Table I͒ . Three experiments have been performed with ͉L 0 ͉Ϸ0.4 and three with ͉L 0 ͉Ϸ0.6 ͓calculated using Eq. ͑3͔͒, with Reynolds numbers Re*Ϸ2000, Re*Ϸ3000 and Re*Ϸ4000, respectively. The average decay of the total kinetic energy during these experiments can be fitted with a power law Eϰt ␣ , where ␣ϭϪ0.9 Ϯ0.1. For the average decay of enstrophy we found ⍀ϰt ␤ with ␤ϭϪ1.5Ϯ0.2. These values for ␣ and ␤ are comparable with the average decay exponents found in the experiments with L 0 Ϸ0 and Nϭ1.6 rad s Ϫ1 ͑see Fig. 9͒ . Figures 13 and 14 show a few snapshots of the vorticity and the stream function, respectively, of an experiment with ͉L 0 ͉ϭ0.4 and Re*Ϸ4000 at dimensionless times tϭ0.5, 5, and 55. From this experiment it can be concluded that a large-scale vortex starts to dominate the flow at tϷ1. At tϷ10 this vortex forms a triangular-shaped structure ͑sur-rounded by three smaller vortices of opposite sign͒, which rotates in clockwise direction. An almost perfectly circular monopole with a negative core surrounded by a ring of positive vorticity is formed at tϷ55. The scatter plot of versus corresponding to this final monopole is drawn in Fig.  15͑a͒ . The peak in this graph corresponds to the interior of the vortex. The sharp --relationship in this region indicates that the monopolar structure is approximately stationary. The ͑almost͒ linear shape of the --relation is in agreement with the results reported by Flór 16 and van de Konijnenberg et al., 31 who observed the appearance of an almost linear --relation in either rake-forced or jet-forced stratified flow in a square container. A similar --profile was observed by Boubnov et al. 32 in the free decay of a stably stratified flow that was initially forced by an arrangement of sources and sinks around the perimeter of the container.
The --plot of the experiments with L 0 Ϸ0 ͑see contour plots in Figs. 3, 5 , and 6͒ is shown in Fig. 15͑b͒ . Note that the -scatter plot is computed after the spontaneous spin-up has occurred (tϷ72). The difference between the two cases is striking and due to the larger self-organizing capability of flows containing large amounts of angular momentum. The organization into larger vortices occurs on a much shorter time scale when the initial flow field contains a certain amount of angular momentum. This property is nicely illustrated by the normalized net angular momentum depicted in Fig. 11 ͑solid lines͒: In the experiments with L 0 0 a larger value of the normalized angular momentum is reached on a shorter time scale. In Fig. 16͑a͒ the nonnormalized dimensionless values of the net angular momentum are plotted versus time for the six experiments with L 0 0. In this figure the absolute value of the angular momentum decreases strongly during the first few eddy turnover times. One might expect that this fast decay is due to 3D damping or vertical shearing in the experiments. However, a comparison of these results with the observations from numerical simulations of a purely 2D flow reveals that this hypothesis does not hold. In Fig. 16͑b͒ the net angular momentum is plotted versus time for a set of numerical simulations with Reϭ1000. The initial conditions of these simulations are constructed according to the procedure described in Ref. 11 , but the random coefficients of the initial velocity field are chosen in such a way that the flow contains a net nonzero angular momentum. By comparing Figs. 16͑a͒ and 16͑b͒ we see that the fast decrease of angular momentum in the initial few eddy turnover times of the simulations is of the same order as in the experiments. This means that this effect is probably due to strong dissipation in the boundary layers, which slows down the net large-scale rotation of the flow. After this transient stage, the angular momentum in the simulations decays more slowly than in the experiments, as can be inferred from Figs. 16͑a͒ and 16͑b͒. This difference is most likely due to the strong vertical shearing in the experiments, as discussed in Sec. III B.
It was found that the decay properties such as the number of vortices V(t) and the ratio ⍀(t)/E(t) satisfy approximately the same power laws for all experiments with L 0 0, although the values of Re* and L 0 were different for each experiment. Nevertheless, some indications are present supporting the conjecture that runs with L 0 Ͼ0 yield a somewhat faster self-organization of the decaying turbulent flow. Figure 17 shows a log-log plot of the average ratio ⍀(t)/E(t) ͓see Fig. 17͑a͔͒ and the average number of vortices V(t) ͓see Fig. 17͑b͔͒ for the six experiments with nonzero L 0 . The curve in Fig. 17͑a͒ can be fitted with a power law ⍀/Eϰt Ϫ0.6Ϯ0. 1 . This power law is comparable ͑although with a slightly larger exponent͒ with the power law for ⍀/E obtained from experiments with L 0 Ϸ0 ͑cf. Fig. 12͒ . However, one should be very careful with this comparison, since these experiments with L 0 Ϸ0 were performed in a much stronger stratification. Figure 17͑b͒ contains a log-log plot of the averaged number of vortices. Two ranges with different power laws are found in this case: Vϰt Ϫ0.5Ϯ0.1 for t Շ10 and Vϰt Ϫ1.0Ϯ0.1 for tտ10. The value for the first stage (tՇ10) is similar to the power law found for experiments with L 0 Ϸ0 ͑Fig. 12͒. Apparently, the net large-scale rotation of the system of small vortices which is observed during this stage ͑Figs. 13 and 14͒ does not considerably influence the decay properties of vortex statistics in these experiments. The steep decrease of V at tտ10 reflects the faster organization of flows with finite L 0 compared with the experiments in which L 0 Ϸ0.
Combining the experimental and numerical results with L 0 Ϸ0 and L 0 0 it might be tempting to draw the following conclusion. A particular optimal value L 0,opt of the initial angular momentum exists that suppresses enhanced decay of L ͑observed when L 0 տL 0,opt ͒ and prevents spontaneous spin-up of the flow ͑observed when L 0 ՇL 0,opt ͒. It might, therefore, be expected that the self-organization process is most efficient for L 0 ϳL 0,opt , because then a balance exists between production and destruction of angular momentum. The flow consists then of a shielded rotating vortex in the interior of the domain without producing too many smallscale vortices in the boundary layers.
IV. LABORATORY EXPERIMENTS IN A CIRCULAR CONTAINER
A second series of experiments has been performed in a circular container with a diameter of 92 cm. The Reynolds number of this quasi-2D flow is defined as Re*ϭRU/, with R the radius of the container, U the root-mean-squared velocity of the initial flow field, and the kinematic viscosity of the fluid. Using similar arguments as in Sec. III the error in the estimated value of Re* is of the order of 15%.
In the present experiments, Re* is approximately 5000 ͑the actually measured value differs in each experiment͒, but the effective Reynolds number related to the measured quasi-2D flow is much smaller than Re* ͑see Sec. III A͒. In the experiments performed in a circular container, the energy decays approximately 80% within 30 eddy turnover times. This decay rate is of the same order as the decay rate of kinetic energy observed in the numerical simulations of LMJ. Therefore, we assume that the ''effective'' Reynolds number of the laboratory experiments described in this section is comparable with the Reynolds numbers used in the numerical simulations by LMJ ͑which vary from 700 to 1250͒.
Throughout this section, all variables are made dimensionless using the length scale R and the eddy-turnover time tϭR/U. Using polar coordinates rϭ(r,), the net angular momentum L, defined with respect to the center of the domain, and the total kinetic energy E are defined as It is worthwhile to emphasize that, on a circular domain, both L and E are exactly conserved in the case of vanishing viscosity. Conservation of energy is easily understood by realizing that dE/dtϭϪ2⍀→0 for vanishing viscosity ͑assuming that ⍀ϰ Ϫ␥ with ␥Ͻ1͒. The conservation of L can be verified by putting 1/Reϭ0 and r•dsϭ0 in Eq. ͑6͒. The condition ͛ ‫ץ‬D pr•dsϭ0 corresponds to the fact that normal stresses acting on the fluid at the circular boundary do not induce a torque relative to the center of the domain. In the presence of viscosity, the decay rate of L on a circular domain with radius 1 and no-slip boundaries can be expressed as
with ͑1,͒ the vorticity at the boundary of the container.
A. Spatial flow evolution
Several experiments have been performed in a circular container with different values of Re* and L 0 . Some characteristic parameters of the performed experiments are listed in Table II . Figure 18 shows contour plots of the stream function of a typical experiment with approximately zero initial net angular momentum (L 0 Ϸ0) at dimensionless times tϭ1, 5, 10, 20, 40, and 80, respectively. Figure 18͑a͒ is taken soon after the forcing was stopped. At this stage the small vortices, which are formed in the wake of the rods, have already started to evolve according to the usual behavior of 2D turbulence: like-signed vortices merge, oppositely signed vortices form dipoles, and all vortices grow in size. At tϷ1 less than ten vortices of different strength and size are left.
The two strong vortices in the right part of the container ͓Fig. 18͑a͔͒ form a dipolar structure at tϷ5 ͓Fig. 18͑b͔͒, which moves to the left side of the container, where it pushes against the wall ͓Figs. 18͑c͒ and 18͑d͔͒. Owing to the no-slip boundary condition, thin boundary layers are formed, in which the shear flow has oppositely signed vorticity. Subsequently, these filamentary vorticity patches are advected away from the boundary, into the interior. As a result, two new vortices are gradually being formed just behind the large dipole ͓Fig. 18͑d͔͒. Together with the ''old'' dipole, these new vortices form an asymmetric, quadrupolar structure ͓Fig. 18͑e͔͒. The two vortices in the lower left part of the container increase in size and strength, until they form a new, domain-filling dipole at tϷ80 ͓Fig. 18͑f͔͒.
The experiment shown in Fig. 18 has been repeated several times. All experiments show a tendency to form dipolar structures, which move to the wall, push against it, and form two new vortices at the rear, but the particular time evolution is different in each experiment. Since dipoles and asymmetric quadrupoles are formed alternatingly, the flow does not reach a clear ''final'' quasi-stationary state. This observation is confirmed by the vorticity fields plotted in Figs. 19͑a͒ and 19͑b͒ for the same experiment as shown in Fig. 18 at tϭ40 and tϭ80, respectively. The corresponding scatter plots of versus are plotted in Fig. 20 . Unfortunately, the experimental scatter in the vorticity is quite large, and it was not pos- sible to obtain clear vorticity plots for the experiments in a circular container at earlier stages of the flow evolution ͑the data fitting scheme described in Sec. III is based on a Chebyshev expansion in two directions and is therefore not applicable to a circular domain͒. In spite of the experimental errors, the shape of the --plots drawn in Figs. 20͑a͒ and 20͑b͒ suggests that there is no functional relationship between and . The vorticity plots presented in Fig. 19 show a striking similarity with the late-time vorticity plots obtained by LMJ from numerical simulations of decaying 2D turbulence in a circular container with no-slip boundary conditions. As an example, Fig. 21 shows the vorticity plots obtained from a simulation by Li et al. 15 with Reϭ707, after tϭ30 and tϭ100 eddy turnover times, respectively. The --plot corresponding to the field in Fig. 21͑a͒ is plotted in Fig. 22 . We remark that the outer branches of the --plots drawn in Figs. 20 and 22 show a tendency to become linear.
The decay of kinetic energy obtained from the experiment shown in Fig. 18 is plotted in Fig. 23 ͑filled symbols͒. This picture suggests the existence of two regimes in which the energy decays according to a power law: Fitting the experimental data with the curve Eϰt ␣ , we find ␣ϭϪ0.5Ϯ0.1 for tՇ10 and ␣ϭϪ1.4Ϯ0.2 for tտ10. The kinetic energy of 3D turbulent motions in the first few seconds of decaying stratified turbulence is partly converted into potential energy associated with internal waves. At later times, this potential energy may partly be converted back into kinetic energy. This latter mechanism could explain the temporarily decreased dissipation rate at tՇ10. However, one should be careful with this conclusion, since this phenomenon was not observed clearly in the experiments on decaying stratified turbulence in a square container and comparable values of N(NϷ2.7) ͑cf. Fig. 9 , open symbols͒. For tտ10 the dissipation of kinetic energy is dominated by vertical shear, 17, 18 and the power-law behavior is similar as in the square-container experiment.
In order to investigate the influence of the unstratified layers above and beneath the interface in a two-layer stratification, the experiment described above was repeated in a linear stratification. For this purpose the container was filled slowly from beneath using the so-called two-bucket method, 23 thereby creating a linear increase of the density over a depth of 20 cm. The gradient of the stratification was chosen such that the buoyancy frequency N matched the buoyancy frequency at the interface of the two-layer experiments described above (NϷ2.7 rad s Ϫ1 ). The energy decay of this experiment, plotted in Fig. 23 ͑open symbols͒, is not significantly different from the decay observed in a two-layer stratification ͑same figures, filled symbols͒. A similar comparison was made between two experiments with an initially nonzero amount of angular momentum ͑see Sec. IV B͒. Apparently, the linearly stratified interface in the two-layer fluid is thick enough to shield the quasi-2D motions in the center of this interfacial layer from the ͑almost motionless͒ unstratified layers above and beneath the interface.
B. Conservation of angular momentum?
The spatial flow evolution appears to be quite different when the initial flow contains a finite ͑nonzero͒ amount of net angular momentum. Figure 24 shows contour plots of the stream function of an experiment in which the forcing rods were arranged in the grid in such a way that they induced a net angular momentum ͉L 0 ͉ϭ0.37. For comparison: A solidbody rotation of the same amount of fluid, with the same kinetic energy (E 0 ϭ1.57), would have an angular momentum ͉L sb ͉ϭ2.22. The initial flow again contains a more or less homogeneous distribution of small-scale vortices, which organize into two large structures at tϷ5. However, in contrast to the evolution in the previous experiment ͑Fig. 18͒, the initial flow field contains a net large-scale rotation superimposed on the small-scale vortices, which is clearly visible in Fig. 24͑a͒ . This large-scale rotation dominates the flow evolution ͓Figs. 24͑a͒-24͑d͔͒ and finally, at tϷ60, one large monopolar vortex fills the domain completely. A similar configuration was found in all experiments with a net nonzero angular momentum in the initial flow.
In Fig. 25͑a͒ some contours of the vorticity field are plotted for the quasi-stationary final state ͑a monopolar vortex͒ from the sequence shown in Fig. 24 . The corresponding scatter plot of versus is drawn in Fig. 25͑b͒ . In this plot, the leftmost points correspond to the region closest to the center of the vortex, whereas the right and upper points correspond to regions near the wall. Although the flow in this experiment has attained a clear quasi-stationary state, the --plot still contains a large amount of scatter, which is most probably due to a combination of experimental errors and viscous effects. Nevertheless, the vorticity and --plots shown in Fig. 25 show a good agreement with the late-time monopolar vortices emerging in the numerical simulations with finite L 0 by LMJ. Furthermore, a similar configuration was observed by Flór 16 in experiments on decaying grid- generated turbulence in a stratified flow inside a circular container. In these experiments the initial angular momentum could not be controlled, since the forcing was performed manually. The fact that Flór observed the formation of a stationary monopole in all experiments in a circular container indicates that the manual forcing in these experiments most probably introduced a nonzero net angular momentum to the flow. The role of the net angular momentum becomes even more clear in Fig. 26 , which shows the evolution of the net Fig. 24 . ͑The experiment with L 0 ϭ0.35 was performed in a linear stratification with NϷ2.7 rad s Ϫ1 ; the other three are performed in a two-layer fluid with N Ϸ2.7 rad s Ϫ1 in the interfacial layer.͒ These plots clearly show that, apart from some fluctuations during the first 15 eddy turnover times, the average magnitude of the angular momentum decays much slower than the kinetic energy. The fluctuations in the angular momentum during the first 15 eddy turnover times are due to rapidly changing configurations of small-scale vortices, which are also observed in numerical simulations with no-slip boundaries on circular or square domains ͓cf. Fig. 7͑b͔͒ . Since the net angular momentum is not a rigorous constant of the motion in the presence of viscosity ͓cf. Eq. ͑12͔͒, the slow decay of angular momentum is one of the most surprising results of experiments and simulations of decaying ͑quasi-͒2D turbulence on a circular domain with no-slip boundaries.
V. CONCLUSIONS
The self-organization of confined two-dimensional flows depends strongly on the geometry of the domain and on the type of boundary condition. This conclusion is founded on numerical simulations 11 and the laboratory experiments of decaying ͑quasi-͒2D turbulence in different geometries as described in this paper. Laboratory experiments of decaying stratified turbulence in square and circular containers confirm the results of numerical simulations with no-slip boundary conditions, in spite of the strong vertical shearing and the three-dimensional structure of the flow in the experiments. This observation implies that purely 2D numerical simulations provide a useful tool to investigate the self-organization of quasi-2D stratified flows in more detail.
The laboratory experiments in stably stratified fluids have revealed some fundamental differences in the decay scenario of quasi-2D turbulence in square and circular containers. In the square container, weak spin-up of the flow is observed in experiments in a weakly stratified fluid ͑with buoyancy frequency NϷ1.6 rad s Ϫ1 ͒, in which no net angular momentum was induced to the initial flow. This effect is observed to be more pronounced in numerical simulations with higher Reynolds numbers ͑ReϾ2000͒, but these values of Re could not be obtained in the laboratory experiments due to strong vertical shearing between the different layers of the fluid, and due to the generation of internal waves. In experiments in which a finite amount of net angular momentum was introduced to the initial flow, the organization into a quasi-stationary monopolar structure occurs on a shorter time scale than in the experiments with zero initial angular momentum. The net angular momentum in these experiments decreases strongly during an initial transient stage of about five dimensionless time units. Thereafter, the angular momentum decays much more slowly than the total kinetic energy. These observations are in agreement with the results of numerical simulations in containers with no-slip boundaries, with Reϭ1000 and a finite amount of net angular momentum in the initial condition. In the circular case, the net angular momentum contained in the initial flow field appears to be a better conserved global quantity than the total kinetic energy, and its absolute value has a remarkable influence on the evolution towards the ''final'' quasi-stationary state. When the initial flow contains a finite ͑nonzero͒ amount of angular momentum, the flow organizes rapidly towards a large domain-filling monopole. When no net angular momentum is contained in the initial flow, no clear quasi-stationary state emerges. Instead, dipolar and quadrupolar structures are being formed alternately. These results confirm the conclusions by LMJ 1, 14, 15 concerning the numerically obtained decay scenario of 2D turbulence in a circular container with no-slip boundaries.
An issue not discussed yet is an important difference in the decay scenarios of decaying 2D turbulence in square and in circular containers with L 0 ϭ0. For square containers spontaneous spin-up has been observed and no spin-up occurs in the case of a circular container. The main reason is 
